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Abstract. A Green function technique is used to study the effects of spin-phonon interactions
in ferromagnetic semiconductors. The spin wave energy and the transverse damping for two
different spin-phonon interaction mechanisms are evaluated for the first time beyond the rea.
The resuits are valid below and above T.. The femperature dependence of these quantities is
discussed, and is found to be in agreement with the experimental data.

1. Introduction

In recent years, elementary excitations of the lattice and spin systems of solids, ie.
phonons and magnons, respectively, have been the subject of extensive investigations by
means of light scattering (Glintherodt and Zeyher [1], Wakamura and Arai [2]). A new
‘degree of freedom’ is added to the usual phonon Raman scattering (RS) in solids by
investigating magnetically ordered materials, in particular, ferromagnetic semiconductors
(FMS} which exhibit interactions between the phonon and spin systems. Investigations in
this direction have been. addressed to magnetic and semiconducting Cd—Cr spinels, the
europium chalcogenides and magnetic insulators such as Vip.

The spin—phonon interaction in FMS has not, theoretically, been so intensively studied.
Suzuki and Kamimura [3] developed within the molecular-field approximation (MFA) a
theory of phonon RS in magnetic crystals, and Suzuki [4] applied it to phonon RS in europium
sulphide. Inelastic light scattering from non-zone-centre phonons in the magnetic phases of
the europium chalcogenides is interpreted by Safran et @/ [5] in terms of two-spin correlation
functions. Ousaka et a! [6,7] studied the spin-assisted phonon RS in EuTe and concluded
that the 5d spin—orbital interaction modulated by the lattice displacement is dominant in
the RS process of EuTe. However, the experimental results of Giintherodt and Zeyher [1]
do not confirm the conclusions of these model calculations. Wesselinowa [8] discussed the
influence of the spin—phonon interaction on the spin polarizability, i.e. on the longitudinal
damping ¥**(k) and on the dynamic structure factor $**(k, E), for FMS using a Green
function technique for the first time beyond the random phase approximation (RPA), The
theoretical results were applied to CdCr;Sey [8] and to EuS [9]. The effects of the magnetic
ordering on the phonon spectrum and on the phonon damping in FMS were studied in [10].

The aim of the present paper is to observe the spin wave energies of FMS beyond the
RPA including the spin—phonon interaction.
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2. Model and method

1t is known that ferromagnetic semiconductors are well described by the so-called s—f modei
[11]. The Hamiltonian of the system may be written as

H=Hm+He+Hme+Hp+Hmp- (1)

Hy, is the Heisenberg Hamiltonian for the ferromagnetically ordered f electrons:
l r4
Hm = —5 ; Jng,'Sj - g,u,gH IZSI
1 - z
= =5 D J(S;S5e+ 575]) — gusHVNS;, @
q

H, represents the usual Hamiltonian of the conduction band electrons:

1
He=) (€qr = WChCor +5 D V@Ch_goChsgotiaciva (3)
.0 ka'»k"
[ X

where v(q) is the Coulomb interaction, ¢ = 1.
The operator Hy,. couples the two subsystems (2) and (3) by an intra-atomic exchange
interaction:

; ,
Hme = =55 D 1S3 pch-Car + Se_pthico- + Sy pleh,car — chcq-)] )
ap

where [ is the constant interaction energy.
H, represents the usual Hamiltonian of the lattice vibrations:

1
Hy =52 (PoPg+ 0409 )
q

where Qg, Py and w, are the normal coordinate, momentum and frequency of the lattice
mode with wave-vector g, respectively. The vibrational normal coordinate Q4 and the
momentum Py can be expressed in terms of phonon creation and annihilation operators;

Qq = (zwq)_lﬂ(aq + ai—q)
Py = i(we/2)'*(a} — a_y).

Hyy describes the interaction of the spins with the phonons:
1 i z oz -
Hmp = "“5 Z F(p- Q)Qp--q(SqS__p + Sq S;'
qp

1
=-7 ; F®, Q)ap-q + a3 )(S5S%, + 57 55). (6)
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The acoustic phonons are coupled to the ferromagnetic system via the constant
_ 1 1 , . X
Fo.9 =5 Zhj +(€p-q - )J'(R)(exp(ip - ) + expliq - b))

F(p’ q} = F(P, Q)f(za)p—q)llz.

The summation extends over the vector r; — r; = h connecting all possible pairs of spin
sites in the crystal, and ey, is the polarization of the phonon with wavenumber p.
The retarded Green function to be calculated is defined in matrix form as

Gr(r) = —i0() [ B (2}, BFD). (7}

The operator B, stands symbolically for the set S,':, }:p c;'+k 4+Cp—. For the approximate
calculation of the Green function (7) we use a methed proposed by Tserkovnikov [12], which
is appropriate for spin problems. After a formal integration of the equation of motion for
the Green function one obtains

Gi(t) = —i0() ([ B, B 1) exp(—iEr(D)D)

where
o URE, JEEOD k@), B UBR(), j:(r’m)
E =g — — de't — 8
€)= § o« (o aon B, B )12 ®
with the notation jg = [Bg, Hin]. The time-independent term
ex = (([Bk, H], B/ {[Br, BF D) ' ©)

gives the spin wave energy in the generalized Hartree-Fock approximation. The time-
dependent term includes the damping effects.

3. The spin wave energy

We obtain from (9) for the spin wave energy in the generalized Hartree—Fock approximation

Eip(k) =05 [e1 + e e — e)? +derzean | 10)
with
= gusH + [ Z(J Je-g) ({85824 + (5757
Ty Z( g% Ca=) T {55 pCprCasr) — (g pCp-Cq-))

+ ;(Fs/wo>(<s;Siq> {87 S D(2ASIS7Y)
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+ (8757 — 28k _gSger) — (SpgSh_g) + {S’))}
=73 Nz{ Z(( —qCa-Com) = {Sh gk Cat )
Z((S p-qCatCo-) T {Sh_gipC p+k+c4-))]
i
€y = W[ Z((Si+p_qc;+k_ﬂ'q—) — (S5 g€ Cau))

=3 Z((sk+p-q{'p+k—cq+> + (S a—pC p_cq+))]

! +
en =2l + 0 g( St pChCat) + (8% pehy Car) — (S pCr_cq-)) an

where
(S5 S3) = ({S")/2)(e11(@)/ Eg)eoth(Eq /2ks T) — 1].

The matrix elements ¢;; (k) of the spin wave energy below T¢ are in the RPA, where we
have neglected the transverse correlation functions (SG‘S;') and decoupled the longitudinal
correlation functions {S357,) ~> {82840,

€ = gupH + (S"WJer — i) + Ip

€9 = —I{Sz)

(12)
€ =—Ip

€n = 2upH + 1{5%)

where

= i 2
Ay = lim (F2(S")/20).

Therefore the spin—-phonon interaction causes below T a renormalization of the spin—spin
interaction constant Jy — Jeir, which is now temperature dependent. Above T, AJg is
zero.

p is the conduction-electron magnetization and is given by

_Ae—n- 1 + —
p=—"rm =5y ;a(cq”cqa} o=+l (13)
where 1, and n_ are the numbers of conduction electrons in the spin-up and spin-down

bands, respectively. For the calculation of p we must define a one-electron Green function
by G, (k) = ({cka; ¢, }). The electron energy is obtained as

€olk) = ex — pu — o (ppH +0.51{8) + Y [v(0) — v(k — k)80or) (i) (14)

k.o



Self-consistent theory of spin—-phonon interactions 3559
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Figure 1, Temperature dependence of the spin wave energy £; for EvO (——) and E; for EuS
{= = —} for different spin—phonon interaction constants: 4, F =0, B, 0.2 eV; C, 0.5 eV.

where ¢;, is the conduction band energy in the paramagnetic state and y is the chemical
potential. For a simple cubic lattice and next-neighbour interaction €, is equal to

W
&= —-;(cos kea + coskya + cosk.a)

where W is the conduction band width. For the correlation function we have

{cqaCao) = 1/lexpleqo /kBT) + 11.

The electron polarization p is maximum for W =0 [13].
For the localized-spin magnetization {$?) we obtain

1
(8= zk:{(S + 3) coth[(S + ;)BEx] — 5 coth(3 B Ex)} (13

where E. = E\(k), B = 1/kgT. {S%) is maximum for W = 0. With increasing W, (§%)
and T decrease. If W is constant and 7 increases, then T; increases too [13].

The spin wave energy Ep = E,(k) was calculated numerically taking parameters for
EuO [11,14,15]1 (I =02 eV, S = 7/2, W =2 eV, T, = 695 K, J/kg = 0.55 K,
Slkg = 015K, H =0, k = 02, 027, 027) and for EuS (/ = 0.2 eV,
§=7/2,W=09eV, T, =165K, Jjkg = 022 K, J'fkg = —-0.10K, H =0,
k = 02mr, 027, 0.27r) for different temperature T, spin—phonon interaction constant
F = F(q) and Coulomb interaction &/ (I/ = 0.5v(q)) values. J and J' are the spin~
spin interaction constants between nearest and next-nearest neighbours, respectively. For
the numerical caiculations the following approximations are used: {§g8%4) = (Sz)zﬁqo,

{87 q-0 p—cq—-> (SZNC;—Cq Ypgs (S g—p p-.Cq+) {8+ )( _Cqe) =0 and( —-ch+cp-) =
{87){cgrcq-) = 0. The results for U = 0.1 eV are demonstrated in figures 1 and 2. The
spin wave energy E(k) increases with U and F.



3560 J M Wesselinowa and A T Apostolov

3

E/E,
b=

] ) \
0 0.2 0.4 0.6 0.8
7,

Figure 2. Temperature dependence of the ratio £1/E3 (E) for Eu0 and E; for EuS) for different
spin-phonon interaction constants: A, F =0; B, 0.2 eV; C, 0.5 eV.

At low temperatures the difference between the spin wave energies of EuO and EuS is
very small. It grows with increasing T and increasing spin-phonen interaction F. So we
have found that for T £ T; the spin wave energies in EuS are small compared with EuO: for
F=05eVand T =0.87; E; in EuS is smaller by about a factor of three compared with
EuQ. Above T, the spin wave energies decrease very slowly—they are nearly temperature
independent. The results are in very good agreement with the experimental data of EuO
and EuS [14, 16]. Ii is concluded that the spin—phonon interaction must be considered in
order to obtain correct results in FMS in accordance with [9].

4. The damping

In order to obtain the spin wave damping caused by the spin—phonon interaction we consider
approximately the integral term in (8). In our calculations we use the approximate dynamics
Sk(t) = Spexp(—iEgt), Crolt) == Cre exp{—icgot) and ap(t) = apexp(—iwg?) where Ey
and €, are from (10) and (14), respectively, and wy = vk. This assumption takes the
generalized Hartree—Fock approximation as a starting approximation.

Calculations yield the following expression for the transverse damping yg:

¥ (k) = yss(R) + var(E) + vip(B)- (16)
¥ss is the damping part which comes from the spin-spin interaction

ys() = @ (S /ND'S VR, [p(l + kg + Aiptq) — Ak—glipr]
g.p

% 3(Epiq + Ei~g — Ep — E) tn
where
qup = (.fq -} Jk-q-p) - (Jk—q + Jp+q)

(18
fig = (S5 ST1/2(5%) = (1/4) [(e11(q)/ Eq)coth( Eq/2sT) ~ 1]. :
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v is the damping which comes from the interaction between the ferromagnetically
ordered and the conduction band electrons

wie(k) = QI2(ST)/N?) Y _{(Fip ~ Fipsksq)igars (L — iin_)
q.p5

+ Aptirq(l + Ap)igirs — Myp)Y(Epiisg — Ep + €qirt — ér— — Ep)

+ (I /AN?) Y (ipigo(l — ipe) + fik—q(Fipigo — Miga)}
qa.p.¢

X 8(Eg—q + €p+go — €po — Ei)

+ (TI3(S7)2N) Y (fg-kr — Mig-)8(€q-rs — €~ — Ei) (19)
q

where
’;lqrr = (C;gcqa) = ]/[cxp(eqa'/kBT) + 1].

¥sp is the damping due to the spin-phonon interaction

Voplk) = (S /N Y {FE L] + Agir + ip) — Bguripll(1 + Ni—p—q)
a.pr

X 8(Egpr = Ey + Ep — @kep-g = En)
+ Ni—p-g8(Eqer — Er + Ep + @g—p_q — Ex)]
+ Floppfir(1+ ip)(1 + figer N8(Equr — Er + Ep — h—p-q — Et)
— 8(Egir — By + Ep + 0 pq — ER]}
+ (r/AN) Y FR [0+ No_g + fig)8(Eq — wg-t ~ Ex)
q

+ (Ng-k — fig)8(Eq + wg—i — Ep)] (20)
where

Frgpr = (F(g.k—p)+ Flp~r.k—q—-r)) - (Fk—q,p) + F(k—p+r,q+rg%1)
Ng = (a} ag) = 1/lexplwg/ksT) — 1.
AtT=0
velT =0) = (/4N) Y, Fz,5(Eq — wg_i — Ey). (22)
q
is valid. We can see that at T = 0 the spin waves are damped due to the spin—phonon
interaction provided the d-function can be satisfied. Then y; increases with increasing
temperature T.

At temperatures close, but less than T, the parts from the s—f and spin—phonon interaction
predominate over this due to the spin-spin interaction. Therefore we have

Yas (k) ]"sp(k) & (k) for T~ T.. (23)
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The expressions of the damping for T > T, are:
Yss(k) =0 . (24)

V) = GI/AND) Y Fiprqo(l = ipe)8(Ex—q + €pgo — €po — Ei) 25)
q1.p.0

Viplk) = @/4NY Y FEI( + Nooi + iig)8(Eq — wgt — Ei)
q

+ (Ngok = ig)8(Eq + wg- — Ex)] (26)

with i, from (18) and £, from (10) with {§*} = 0.

For k = 0 is the term y,, which comes from the spin-spin interaction zero; only
the terms due to the s—f and spin—phonon interactions give contribution to the transverse
damping.

For small k-values we have

Vs K Vop K ¥ar k~0, 27

So the spin—phonon interaction gives the main contribution to the damping at temperatures
T 2 T and for small wave vector k and must be taken into account if we want to obtain
correct results.

The numerical calculations of the damping are in preparation and will be published
elsewhere.

5. Another interaction mechanism

The calculations presented here could be extended to include other mechanisms giving
interactions between spin waves and phonons. For example, it would be useful to consider
the effects of spin—phonon coupling due to modulation of the crystalline field (the single-ion
magnetostriction mechanism). This can give an interaction Hamiltonian which is linear in
the phonon operators and quadratic in the spin operators:

Hup =~ Folag+at)st . (28)
q

We define the same Green function (7) as in section 2, and use the same method applied
there.
The transverse spin wave energy £y is obtained as in (10} but with the following €)1:

én = gupH + (172 S‘)N)Z(J — Ji—g)(2(SESE ) + {875E)

+ AJgp(ST) + (I/N%Z« o CaiCa—)  {SE o€ Can) — (S5_pCh_cq-}).

(29)

In the RPA ¢, is then equal to

€ = gusH + (§)(Jeg — Ji) + Ip. (30)
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The spin—phonon interaction causes a renormalization of the spin—spin interaction constant
Jo = Jegs

et = Jo+ A-*rsp
Al = lim (2F2 jag). G1)

Caleulations yield the following expression for y:
Ve =(T/N) D Fall + Ng + ig_)8(Exgq — wq — Eg)
g

+(T/N) Y Fa(Ng — fip—g)8(Ep—q + 0g — k) + ¥ia + 1 (32)
q

with y and yr from (17) and (19), respactively.
At T = 0 this simplifies to

vilT =0) = (x/N} ) Fu8(Er-q — wg — Er). (33)
q

Hence the spin waves may be damped at zero temperature, provided the delta function in
(33) can be satisfied.

At T = T, the transverse damping y,s which arises from the spin—spin interaction
vamishes, whereas the damping due to the s—f and spin—phonon interaction remains finite,
For T = T, we have

(T 2 Te) = (/N) Y FAICH+ Ng + fig—g)8(E—q — wg — Ei)
q

+ (Ng — Fig—g)8(Epg + wg — ER)] + Vet (34)

with y from (25), i and N, from (I8) with E4 from (29) ({S?) — 0) and from (21),
respectively.

In the case of the first spin—phonon mechanism (6) the damping for T 2 T, is due to
the s-f and spin—phonon interactions, too.

6. Conclusions

In the present paper a self-consistent theory of the spin—-phonon interaction in a ferromagnetic
semiconductor was developed. The renonmalized spin wave energy is obtained. The spin-
phonon interaction causes a renormalization of the spin-spin interaction constant Jy — Jesr,
which is now temperare dependent. Above T, we have AJyp = 0. The damping is very
small at low temperatures, but finite for T = 0. Then it increases with increasing of T. At
T = T; and above T; only the damping due to the s—f and spin—phonon interactions remains
finite. For k = 0, ¥, = ¥4 = 0, whereas yy contributes to the transverse damping.

In the last section we consider an interaction Hamiltonian which is linear in the phonon
operators and quadratic in the spin operators, The spin-phonon interaction causes a°
renormalization of the spin-spin interaction constant Jo. At zero temperature the spin
waves are renormalized and may be damped provided the delta function can be satisfied.
For T > T. only v and yg remain finite. Results of the numerical calculations of the
obtained expressions will be published elsewhere. It may be concluded that the spin—phonon
interaction plays an important role and must be considered in order to obtain correct results
in ferromagnetic semiconductors.
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